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δ?



Look for elements that have more than one non-radiogenic isotope, for which the mass 
difference between isotopes is a significant fraction of the atomic mass (enough to measure)



Fractionation refers to the 
partial separation of two 
isotopes of the same 
element, producing reservoirs 
with different ratios of the 
isotopes.  

Isotopic fractionations occur 
due to: 

Differences in bond 
energies (equilibrium) 
Reaction rates (kinetics)

v1
v2

=
m2
m1



En=hν(n+½)



En=hν(n+½)



En=hν(n+½)

Zero-point energy differences 
drive typical equilibrium 
stable isotope fractionations.



Heavy isotopes have lower 
vibrational frequencies

νheavy

νlight

12C16O

12C18O

Credit: Edwin Schauble



Stiffer bond

νheavy

νlight

Stiffer bonds concentrate the heavy isotopes 
 - shorter bonds 
 - higher oxidation state 
 - low coordination number



O’Neil 1986 tabulated five common characteristics that are 
shared by elements that show large variations in isotopic 
compositions in nature: 

low atomic mass 
relative mass difference between isotopes is large 
tendency to form covalent bonds 
elements exist in more than one oxidation state 
abundances are high enough that we can measure them



Clayton et al., 1975



AXʹ + BX = AX + BXʹ

Keq = Q(AX)Q(BXʹ)/Q(AXʹ)Q(BX)

Qtotal = QtranslationQrotationQvibration 



AXʹ + BX = AX + BXʹ

Keq = Q(AX)Q(BXʹ)/Q(AXʹ)Q(BX)

Qtotal = QtranslationQrotationQvibration 

Energy quanta associated with 
molecular rotation and 
translation are so small that 
they can be treated 
approximately without an 
explicit sum over the quantum 
energies



Translational energy is a function of the ratio 
of the molecular weights and is 
independent of temperature









The extent of isotope separation in a particular 
reaction is the α

αA-B = Ri/jA/Ri/jB

where Ri/jA is the ratio of isotopes i and j in material A



The extent of isotope separation in a particular 
reaction is the α

αA-B = Ri/jA/Ri/jB

where Ri/jA is the ratio of isotopes i and j in material A

and

δi = [Ri/j
sample/Ri/j

standard - 1]*1000 

δA - δB = ΔA-B ≈ 103 ln αA-B 
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Schauble (2004) suggested the following rules governing 
equilibrium stable isotope fractionations: 

• decrease as temperature increases 

• fractionation scales with mass 

• heavy isotopes of an element will tend to be concentrated in 
substances with stiffest bonds (high spring constants) 

• high oxidation state; highly covalent bonds; low 
coordination number; for anions high oxidation state to 
which the element of interest is bonded; bonds involving 
elements near the top of the periodic table; low-spin 
electronic configurations
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Schauble (2004) suggested the following rules governing 
equilibrium stable isotope fractionations: 

• decrease as temperature increases 

• fractionation scales with mass 

• heavy isotopes of an element will tend to be concentrated in 
substances with stiffest bonds (high spring constants) 

• high oxidation state; highly covalent bonds; low 
coordination number; for anions high oxidation state to 
which the element of interest is bonded; bonds involving 
elements near the top of the periodic table; low-spin 
electronic configurations
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So what can we learn from stable 
isotopes about the deep earth? How 
do we use them?

-From experiments we can 
determine what the fractionation 
factors are for certain reactions as 
a function of temperature, 
pressure and composition

-From natural samples we can 
then determine which chemical 
reactions occurred in the samples 
and what temperature (etc.) the 
rocks equilibrated

Tracers!



Example 1: Oxygen Isotopes for Thermometry

Bindeman, 2008, Data from Chiba et al. 1989



Mattey et al., 1994 Harmon and Hoefs, 1995



times, as high-temperature C and the ! 25xas low-
temperature C. One school of interpretation has attrib-
uted the peak at ! 25xto sample contamination and
thus lacking geochemical significance while another
suggests that the low d13C values are indigenous and
carry meaningful information. In order to examine
which of these interpretation is appropriate, the d13C
values for CO2 formed in stepwise combustion above
1000 jC have been compiled in Fig. 4B. When one
considers Fig. 4A and B jointly, the following obser-

vations make an attribution of the peak at ! 25x
exclusively to secondary organic contamination un-
likely:

1. the awareness of researchers of the problem of
carbon contamination and the care taken by indi-
vidual analysts, to minimize it;

2. the high levels of contamination required to pro-
duce some of the observed analytical results;

3. the fact that low d13C carbon is detected with very
different analytical techniques and frequently in
the high-temperature combustion fraction (see Fig.
4B);

4. the sharpness of the peak at ! 25xin Fig. 4A,
considering the d13C range of possible contami-
nants;

5. the lack of a clear relationship between d13C and
carbon concentration (see Fig. 12A below, in
which two mixing hyperbolae for organic carbon
contamination have been shown).

One must conclude that mantle xenoliths contain
indigenous 13C-depleted C which needs to be consid-
ered as an integral part of the mantle carbon isotope
geochemistry.

Fig. 5 summarizes the d13C values of the whole-
rock xenoliths and that of separated minerals that the
reporting authors think best reflect the isotopic com-
position of the mantle samples. Since some authors
consider all of the carbon liberated during the combus-
tion as characteristic for the sample while others report
only those fractions (high temperature) that they
believe represent ‘‘uncontaminated’’ carbon, the data
are not always strictly comparable. However, the major
peaks at ! 25xand ! 5xas well as the lack of
intermediate d13C data remain evident. Naturally any
reported CO2/

3He ratios depend on what fraction of the
carbon is interpreted as indigenous to the sample, with
attendant consequences for the conclusions. The bimo-
dal nature of the d13C distribution is noteworthy and
we will investigate, using the available data, whether
there are geologic, petrologic or mineralogic variables
with which it might be correlated. Because it is con-
ceivable that different parts of the mantle are charac-
terized by different carbon isotopic compositions and
that xenoliths-carrying magmas, depending on their
tectonic setting and magma source(s), have the poten-
tial to sample different parts of the mantle, the avail-

Fig. 4. Summary of d13C of whole rock mantle xenoliths and

separated minerals, and the relationship of carbon isotopic compo-

sition to the extraction temperature. (A) All temperature fractions. (B)

Fraction liberated above 1000 jC only. Data from Watanabe et al.

(1983), Deines et al. (1984, 1991), Pineau et al. (1987), Wagner et al.

(1988), Mattey et al. (1989a), Galimov et al. (1989), Jaques et al.

(1990), Leung and Friedman (1990), Nadeau et al. (1990, 1993),

Pineau and Mathez (1990), Porcelli et al. (1992), Viljoen et al. (1992,

1994), Trull et al. (1993), Pearson et al. (1994), Sugisaki and Mimura

(1994), Mathez et al. (1995), Snyder et al. (1995), Schulze et al.

(1997) and Liu et al. (1998).

P. Deines / Earth-Science Reviews 58 (2002) 247–278254

Example 2: Carbon Isotopes in Diamonds

Deines, 2002

Whole rock mantle xenoliths 
and separated minerals

Bimodality of carbon isotope 
ratios - low T and high T?
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Diamonds

Note: Eclogitic 
diamonds have a 
larger range of 
carbon isotope 
ratios



must wait for better analyses of the organic component in
Martian meteorites and its separation from terrestrial con-
taminants. However, as discussed by Wright & Pillinger
(1994), it would seem logical that the bulk d13C of Earth and
Mars were similar (they, after all, formed from the same
protoplanetary dust, at the same time and through the same
accretion and differentiation processes). So we might be led
to infer that the d13C of Martian magmatic carbon should
be around x5ø. Such a component was identified in EETA
79001 (Wright & Pillinger 1994), but not in other studies
(e.g., Grady et al. 1997b) or, indeed, in the study reported
here. We are, therefore, left with a number of possible inter-
pretations.
1. The bulk d13C of Mars (x20¡4ø) is different from that

of Earth (d13Cyx5ø).
2. Magmatic carbon observed in Martian meteorites is

generally influenced by processes of isotopic fractionation
during emplacement, with large-scale loss of a primordial
component with d13Cyx5ø.

3. Martian meteorites contain a component of carbon that
has been influenced by surface processes and subsequently
recycled (in which case, the carbon could, in principle,
reflect the operation of biological processes).

4. Although it would seem unlikely, perhaps the x5ø sig-
nal observed on Earth is not representative of its primor-
dial value. There appears to be a similarity in magmatic
carbon isotopic composition (Fig. 3) between Mars (or
at least Martian meteorites), Moon (Apollo samples) and
Vesta (HED meteorites) ; if anything, it would seem that,
in Solar System terms, it is the Earth that is unusual.

Magmatic history of Mars

Evidence for significant magmatic episodes on Mars is not
difficult to find: ever since the first high-resolution images of

the planet were returned by Mariner 9 in 1971, we have been
astonished by the extent of the volcanoes of the Tharsis bulge
in Mars’ western hemisphere. Martian history is divided into
three epochs (Noachian, Hesperian and Amazonian), whose
relative chronology can be inferred through comparison with
crater counts on the Earth and Moon. This allows age limits
to be placed on the epochs, but until we can either link
specific Martian meteorites to a specific impact crater, or

Fig. 3. Isotopic composition of carbon from various Solar System reservoirs. HEDs are basaltic meteorites thought to come from Vesta or

Vesta-like asteroids. Data are taken from several sources: Mars atmosphere (Carr et al. 1985); Martian carbonates (Wright et al. 1992;

Romanek et al. 1994; Jull et al. 1995); magmatic carbon (this study); Martian organics (Wright et al. 1989); terrestrial reservoirs

(summarized in Des Marais 2001); HED (Grady et al. 1997b); Moon (Des Marais 1983).

Fig. 4. Relationship between crystallization age and isotopic

composition of magmatic carbon. Red circles, basaltic shergottites;

green squares, olivine-phyric shergottites ; blue triangle, lherzolite

shergottites ; orange star, Chassigny. Error bars are ¡1s.

Crystallization ages are as listed by Meyer (2003) and mainly drawn

from Nyquist et al. (2001). Dates of Amazonian stages are from

Hartmann & Neukum (2001).

M.M. Grady et al.122

Grady et al., 2004

Moon

Wood et al., 2013



O’Neil 1986 tabulated five common characteristics that are 
shared by elements that show large variations in isotopic 
compositions in nature: 

low atomic mass 
relative mass difference between isotopes is large 
tendency to form covalent bonds 
elements exist in more than one oxidation state 
abundances are high enough that we can measure them





Look for elements that have more than one non-radiogenic isotope, for which the mass 
difference between isotopes is a significant fraction of the atomic mass (enough to measure)





Example 3: Iron Isotopes in Rocks



Fayalite

Magnetite

Fe2+ in octahedral  
coordination

Fe3+ in tetrahedral  
coordination

Fe2+ and Fe3+ in  
octahedral coordination



vs.

- Fe2+ Only  

- Octahedral Coordination only

- (1/3) Fe2+ and (2/3) Fe3+  

- Octahedral and Tetrahedral  
 Coordination

The heavier isotope will be concentrated in stiffer bonds, which are associated 
with (among others): 
 - higher oxidation state 
 - low coordination number 

Therefore, magnetite should be more enriched in 57Fe than fayalite.



Fa + H2O ↔ Mgt + Qtz + H2

Fa + Hem + Qtz

Fa + Hem → Mgt + Qtz

Fa + O2 ↔ Mgt + Qtz

OR

Reaction Sequence - 

Fa + Mgt + Qtz + H2O



Fa + Mgt + Qtz + H2O



Fr
ac

tio
na

tio
n

Temperature



Example 4: Silicon Isotopes in Rocks

Savage et al., 2014



Example 4: Silicon Isotopes in Rocks

Savage et al., 2014



  

Pringle et al., 2016



Huang et al., 2014



Pringle et al., 2016

  



Rustad and Yin, 2009

Example 5: Composition and Structure of Melts





Shahar et al., 2015
UCLA 2016



Substitutional Interstitial

Structure of Alloys





Substitutional Interstitial

Ni, S O, C, H, N

Structure of Alloys





Labidi et al., 2014



Labidi et al., 2016



Labidi et al., 2016



S

Si

C

O

H

Example 6: Iron Isotopes and the Composition of the Core



Molar Volume Isotope Effect Bond Stiffening

Stiffer bond

νheavy

νlight



Clayton et al., 1975





hF i ¼ M
!h2

Z þ1

0

E2gðEÞdE ¼ M
ER!h2

Z þ1

%1
ðE % ERÞ3SðEÞdE:

ð6Þ

Therefore, Eq. (5) can be rewritten as,

1000& ln bI=I' ¼ 1000
1

M' %
1

M

! "
!h2

8k2T 2
hF i; ð7Þ

which is a familiar formula in isotope geochemistry (Herz-
feld and Teller, 1938; Bigeleisen and Goeppert-Mayer,
1947). The force constant in Eq. (6) corresponds to the sec-
ond-order derivative of the interaction potential, which
should be constant for a harmonic oscillator (Lipkin,
1995, 1999). Measuring the force constant at different tem-
peratures offers a means of testing the possible anharmonic-
ity of lattice vibrations (Sturhahn, 2004). The force
constant calculated using the excitation function S(E) is less
sensitive to background subtraction than that derived from
g(E) because positive and negative terms annihilate in Eq.
(6) for symmetric energy scans;

Rþx
%x bE3dE ¼ 0 with b con-

stant. Note that in reality, b may change with time and
the scan may not be perfectly centered and symmetric,
which can affect the force constant calculated from S(E).
Most papers reporting NRIXS data give the mean force
constant computed in this manner (Table 1 and references
therein). The force constant can also be calculated from
the PDOS g(E) but this method is less reliable as the
background can affect it and the statistical uncertainties
are larger (Fig. 2). Nonetheless, in properly acquired mea-
surements, the force constant calculated using either meth-
od should agree. The energy cube or square (Eq. (6)) are
factors in the integrands that give the force constant. This
means that even small bumps in the high-energy tails of
the excitation function S(E) or in the PDOS g(E) can have
sufficient weight to affect the force constant and hence the
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Fig. 2. Comparison between the coefficients in the polynomial
expansion 1000 & ln b = A1/T2 + A2/T4 + A3/T6 obtained from
g(E) (Eq. (1)) and S(E) (Eq. (3); Appendix C). The samples were
all measured at the APS using the same acquisition protocol as that
used in the present study. There is good agreement between the
various coefficients but those obtained from S(E) have uncertain-
ties that are on average (2 times (and up to 5 times) smaller than
those obtained from g(E). For this, and other reasons discussed in
the text, Eq. (3) is preferred over Eq. (1).
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Fig. 3. Relative departure from Eq. (7) introduced by the B2

term in Eq. (12) for the 56Fe/54Fe ratio. The relative departure is
equal to (B1hFi/T2 % B2hFi2/T4)/B1hFi/T2 = 1 % (B2/B1)hFi/T2.
With B1 = 2904 and B2 ) 52,000, the correction factor becomes
1–17.9hFi/T2 (gray continuous lines). For high-temperature phases,
to a good approximation we have 1000 & ln b ’ 2904hFi/T2.

258 N. Dauphas et al. / Geochimica et Cosmochimica Acta 94 (2012) 254–275

under scrutiny using modern mass-spectrometric techniques
(e.g., Dixon et al., 1992; Wang, 1998; O’Nions et al., 1998;
Beard et al., 1998; Herzog et al., 1999). A new method for
evaluating the equilibrium isotope constants can be established
for some of these elements having at least one Mössbauer-
sensitive isotope (Fe, Sn, Zn, Ni, etc.). The method is based on
the relation between the reduced isotopic partition function
ratio (!-factor) and the second-order Doppler (SOD) shift in
the recoil-free resonant line in Mössbauer spectra (Polyakov,
1997).
In this paper, we consider potentialities and promises of

Mössbauer spectroscopy for evaluation of the equilibrium iso-
topic constants of minerals, using iron isotopes as an example.
Iron isotopes are preferred because (i) iron is among the most
abundant elements taking part in many important geochemical
processes at different temperatures and pressures, (ii) a signif-
icant equilibrium iron isotope fractionation is expected (Polya-
kov, 1997), (iii) the majority of Mössbauer studies use the 57Fe
isotope and detailed data on the SOD shift are available for
many minerals. The main objective of the paper is to establish
regularities in the iron isotope equilibrium fractionation and to
reveal possible iron isotope geothermometers from data on the
SOD shift in the Mössbauer resonant frequency.
The Mössbauer spectroscopy can also be useful for evalua-

tion of the !-factors for elements traditionally used in geo-
chemical studies like sulfur, oxygen, carbon. Combining the
SOD shift values with data on the heat capacity, one can
determine the !-factors for both elements in the case of min-
erals consisting of two elements if one of them has a Möss-
bauer-sensitive isotope. This method is exemplified by evalu-
ations of the ! 34S-factor for pyrite and the ! 18O-factor for
hematite.

2. BACKGROUND

2.1. The Relation Between the !-Factor and the SOD
Shift in the Mössbauer Spectra

The isotopic fractionation factor between two substances can
be expressed in terms of the ratio of the reduced isotopic
partition function ratios (!-factors). This relation one can write
in the logarithmic form as

ln "A!B # ln !A $ ln !B, (1)

where "A!B is the equilibrium isotopic fractionation factor
between two substances A and B; !A and !B are the !-factors
of substances A and B, respectively. The !-factor is expressed
as follows (Urey, 1947; Bigeleisen and Mayer, 1947; Singh and
Wolfsberg, 1975):

ln ! # !
F* $ F
kT % !F* $ F

kT "
class
, (2)

where F is the free energy; T is absolute temperature; k is the
Boltzmann constant; hereafter * refers to the isotopically sub-
stituted form and the subscript “class” marks quantities calcu-
lated in accord with classical mechanics.
Application of the first-order thermodynamic perturbation

theory allows an explicit expression of the !-factor in terms of
the difference in isotope masses (see the Appendix):

ln ! #
"mj

m*j ! Kj

kT $
3
2" . (3)

Here, m is the atomic mass; "m # m* ! m; Kj is the
kinetic energy of atomic vibrations of the jth atom; subscript j
refers to the isotopically substituted element.
Equation 3 is valid in the first order of the perturbation

theory. The higher-order corrections are nonlinear in "m/m*.
Thus the difference between ln !, calculated according to Eqn.
3, and its true value is caused by nonlinear isotope effects that
are small at room and elevated temperatures. This conclusion
was confirmed by numerical tests (Polyakov 1989; 1991). The
one exception, hydrogen isotopes, is caused by large values of
"m/m* in comparison with unity and is not a subject of this
paper. From Eqn. 3 it follows that ln ! is proportional to the
kinetic energy of the isotopically substituted atom. Such pro-
portionality holds for the first-order correction to the energy
(and consequently, to thermodynamic functions: the free en-
ergy, the enthalpy, etc.) when a perturbation is caused only by
changes in the particle masses and does not affect potential
energy (Landau and Lifshits, 1980).
Equation 3 allows us to find out the equation relating the

!-factor and the SOD shift in the recoil-free Mössbauer fre-
quency (Polyakov, 1997). The SOD shift that is responsible for
the temperature shift of the Mössbauer frequency was first
observed by Pound and Rebka (1960) and can be written as1

&'

'
# !

Kj

Mjc2
, (4)

where ' is the (-ray frequency, c is the velocity of light,
subscript j specifies the atom emitting (-ray, &' is the shift of
the (-ray resonant frequency resulting from nuclear vibrations.
The SOD shift is usually expressed in terms of the relative

velocity between the (-ray emitter and absorber in the Möss-
bauer experiment:

S # !
Kj

mjc
, (5)

S is the SOD shift.
Combining Eqns. 3 and 5 the equation relating the !-factor

and the SOD shift can be derived (Polyakov, 1997):

ln ! # !!mjSc
kT %

3
2" "mj

m*j
. (6)

Expressing isotope masses in amu, one can rewrite Eqn. 6 in
the easy-to-use form

ln ! # !!MjSc
RT %

3
2" "Mj

M*j
, (7)

1 This phenomenon was theoretically predicted by Josephson (1960)
who derived Eqn. 4 starting from the relativistic change in mass of the
nucleus that emits a (-ray and using the first order of the perturbation
theory. Since the (-ray emission changes the nuclear mass and does not
affect the potential energy (similarly to the isotope substitution), the
first-order correction to the (-ray frequency (energy) is proportional to
the kinetic energy (Eqn. 4).

850 V. B. Polyakov and S. D. Mineev

103ln αA-B ≅ δiEA - δiEB = ΔA-B
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Therefore, Eq. (5) can be rewritten as,

1000& ln bI=I' ¼ 1000
1

M' %
1

M
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!h2

8k2T 2
hF i; ð7Þ

which is a familiar formula in isotope geochemistry (Herz-
feld and Teller, 1938; Bigeleisen and Goeppert-Mayer,
1947). The force constant in Eq. (6) corresponds to the sec-
ond-order derivative of the interaction potential, which
should be constant for a harmonic oscillator (Lipkin,
1995, 1999). Measuring the force constant at different tem-
peratures offers a means of testing the possible anharmonic-
ity of lattice vibrations (Sturhahn, 2004). The force
constant calculated using the excitation function S(E) is less
sensitive to background subtraction than that derived from
g(E) because positive and negative terms annihilate in Eq.
(6) for symmetric energy scans;

Rþx
%x bE3dE ¼ 0 with b con-

stant. Note that in reality, b may change with time and
the scan may not be perfectly centered and symmetric,
which can affect the force constant calculated from S(E).
Most papers reporting NRIXS data give the mean force
constant computed in this manner (Table 1 and references
therein). The force constant can also be calculated from
the PDOS g(E) but this method is less reliable as the
background can affect it and the statistical uncertainties
are larger (Fig. 2). Nonetheless, in properly acquired mea-
surements, the force constant calculated using either meth-
od should agree. The energy cube or square (Eq. (6)) are
factors in the integrands that give the force constant. This
means that even small bumps in the high-energy tails of
the excitation function S(E) or in the PDOS g(E) can have
sufficient weight to affect the force constant and hence the
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Fig. 2. Comparison between the coefficients in the polynomial
expansion 1000 & ln b = A1/T2 + A2/T4 + A3/T6 obtained from
g(E) (Eq. (1)) and S(E) (Eq. (3); Appendix C). The samples were
all measured at the APS using the same acquisition protocol as that
used in the present study. There is good agreement between the
various coefficients but those obtained from S(E) have uncertain-
ties that are on average (2 times (and up to 5 times) smaller than
those obtained from g(E). For this, and other reasons discussed in
the text, Eq. (3) is preferred over Eq. (1).
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Fig. 3. Relative departure from Eq. (7) introduced by the B2

term in Eq. (12) for the 56Fe/54Fe ratio. The relative departure is
equal to (B1hFi/T2 % B2hFi2/T4)/B1hFi/T2 = 1 % (B2/B1)hFi/T2.
With B1 = 2904 and B2 ) 52,000, the correction factor becomes
1–17.9hFi/T2 (gray continuous lines). For high-temperature phases,
to a good approximation we have 1000 & ln b ’ 2904hFi/T2.

258 N. Dauphas et al. / Geochimica et Cosmochimica Acta 94 (2012) 254–275

under scrutiny using modern mass-spectrometric techniques
(e.g., Dixon et al., 1992; Wang, 1998; O’Nions et al., 1998;
Beard et al., 1998; Herzog et al., 1999). A new method for
evaluating the equilibrium isotope constants can be established
for some of these elements having at least one Mössbauer-
sensitive isotope (Fe, Sn, Zn, Ni, etc.). The method is based on
the relation between the reduced isotopic partition function
ratio (!-factor) and the second-order Doppler (SOD) shift in
the recoil-free resonant line in Mössbauer spectra (Polyakov,
1997).
In this paper, we consider potentialities and promises of

Mössbauer spectroscopy for evaluation of the equilibrium iso-
topic constants of minerals, using iron isotopes as an example.
Iron isotopes are preferred because (i) iron is among the most
abundant elements taking part in many important geochemical
processes at different temperatures and pressures, (ii) a signif-
icant equilibrium iron isotope fractionation is expected (Polya-
kov, 1997), (iii) the majority of Mössbauer studies use the 57Fe
isotope and detailed data on the SOD shift are available for
many minerals. The main objective of the paper is to establish
regularities in the iron isotope equilibrium fractionation and to
reveal possible iron isotope geothermometers from data on the
SOD shift in the Mössbauer resonant frequency.
The Mössbauer spectroscopy can also be useful for evalua-

tion of the !-factors for elements traditionally used in geo-
chemical studies like sulfur, oxygen, carbon. Combining the
SOD shift values with data on the heat capacity, one can
determine the !-factors for both elements in the case of min-
erals consisting of two elements if one of them has a Möss-
bauer-sensitive isotope. This method is exemplified by evalu-
ations of the ! 34S-factor for pyrite and the ! 18O-factor for
hematite.

2. BACKGROUND

2.1. The Relation Between the !-Factor and the SOD
Shift in the Mössbauer Spectra

The isotopic fractionation factor between two substances can
be expressed in terms of the ratio of the reduced isotopic
partition function ratios (!-factors). This relation one can write
in the logarithmic form as

ln "A!B # ln !A $ ln !B, (1)

where "A!B is the equilibrium isotopic fractionation factor
between two substances A and B; !A and !B are the !-factors
of substances A and B, respectively. The !-factor is expressed
as follows (Urey, 1947; Bigeleisen and Mayer, 1947; Singh and
Wolfsberg, 1975):

ln ! # !
F* $ F
kT % !F* $ F

kT "
class
, (2)

where F is the free energy; T is absolute temperature; k is the
Boltzmann constant; hereafter * refers to the isotopically sub-
stituted form and the subscript “class” marks quantities calcu-
lated in accord with classical mechanics.
Application of the first-order thermodynamic perturbation

theory allows an explicit expression of the !-factor in terms of
the difference in isotope masses (see the Appendix):

ln ! #
"mj

m*j ! Kj

kT $
3
2" . (3)

Here, m is the atomic mass; "m # m* ! m; Kj is the
kinetic energy of atomic vibrations of the jth atom; subscript j
refers to the isotopically substituted element.
Equation 3 is valid in the first order of the perturbation

theory. The higher-order corrections are nonlinear in "m/m*.
Thus the difference between ln !, calculated according to Eqn.
3, and its true value is caused by nonlinear isotope effects that
are small at room and elevated temperatures. This conclusion
was confirmed by numerical tests (Polyakov 1989; 1991). The
one exception, hydrogen isotopes, is caused by large values of
"m/m* in comparison with unity and is not a subject of this
paper. From Eqn. 3 it follows that ln ! is proportional to the
kinetic energy of the isotopically substituted atom. Such pro-
portionality holds for the first-order correction to the energy
(and consequently, to thermodynamic functions: the free en-
ergy, the enthalpy, etc.) when a perturbation is caused only by
changes in the particle masses and does not affect potential
energy (Landau and Lifshits, 1980).
Equation 3 allows us to find out the equation relating the

!-factor and the SOD shift in the recoil-free Mössbauer fre-
quency (Polyakov, 1997). The SOD shift that is responsible for
the temperature shift of the Mössbauer frequency was first
observed by Pound and Rebka (1960) and can be written as1

&'

'
# !

Kj

Mjc2
, (4)

where ' is the (-ray frequency, c is the velocity of light,
subscript j specifies the atom emitting (-ray, &' is the shift of
the (-ray resonant frequency resulting from nuclear vibrations.
The SOD shift is usually expressed in terms of the relative

velocity between the (-ray emitter and absorber in the Möss-
bauer experiment:

S # !
Kj

mjc
, (5)

S is the SOD shift.
Combining Eqns. 3 and 5 the equation relating the !-factor

and the SOD shift can be derived (Polyakov, 1997):

ln ! # !!mjSc
kT %

3
2" "mj

m*j
. (6)

Expressing isotope masses in amu, one can rewrite Eqn. 6 in
the easy-to-use form

ln ! # !!MjSc
RT %

3
2" "Mj

M*j
, (7)

1 This phenomenon was theoretically predicted by Josephson (1960)
who derived Eqn. 4 starting from the relativistic change in mass of the
nucleus that emits a (-ray and using the first order of the perturbation
theory. Since the (-ray emission changes the nuclear mass and does not
affect the potential energy (similarly to the isotope substitution), the
first-order correction to the (-ray frequency (energy) is proportional to
the kinetic energy (Eqn. 4).
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Geochemistry 2: Experimental and Stable Isotope 
Perspectives on the Deep Earth

While significant work has already been done in 
this field, there remains tremendous opportunities 
to discover new and exciting ways to use stable 
isotopes in order to understand more about the 

deep Earth!


